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Abstract. This work is concerned with an extension of the so-called Levi-Civita and
Kustaanheimo-Stiefel transformations. The extension is achieved along two lines. Firstly,
we examine the latter transformations in other dimensions than the ones originally con-
sidered by, on the one hand, Levi-Civita and, on the other hand, by Kustaanheimo and
Stiefel. Secondly, we pass from the compact to the non-compact case. This leads to
quadratic non-bijective transformations that we refer to as Hurwitz (or Kustaanheimo-
Stiefel-like) and quasiHurwitz (or Levi-Civita-like) transformations. The Hurwitz and
quasiHurwitz transformations are introduced and studied in an algebraic framework which
relies on the use of (eight-dimensional) Cayley-Dickson algebras. An explicit formulation
of the Hurwitz and quasiHurwitz transformations is also given in terms of Clifford algebras.
The Hurwitz transformations are investigated from a geometrical viewpoint. Indeed, they
are connected to Hopf and ‘pseudoHopf” fibrations. Finally, some differential aspects of
the Hurwitz and (10 a lesser extent) quasiHurwitz transformations are developed in view
of future physical applications.

1. Introduction

Quadratic non-bijective transformations turn out to be of paramount importance in
mathematical and theoretical physics and in quantum chemistry. As a first example,
everyone is familiar with the (two-dimensional) conformal transformation (an R » R?
surjection with discrete kernel), also referred to as the Levi-Civita (Lc) transformation.
By way of illustration, this well known transformation has been used for the restricted
three-body problem [1] and for problems relative to R* and R® hydrogen atoms [2-5].
To be more precise, the Lc transformation makes it possible to convert, in Schrédinger
equation [2, 5] and in Feynman path integral [4] formulations, the problem of an R’
hydrogen atom into the one of an R’ isotropic harmonic oscillator subjected to a
constraint; in addition, the Lc transformation has been used in a classical approach
to the quadratic Zeeman Hamiltonian for the R® hydrogen atom [3].

As a second example, we mention a transformation which is often referred to as
the Kustaanheimo-Stiefel (ks) transformation (an R*-> R* surjection with continuous
kernel) and which naturally arises in the theory of spinors (see for instance [6]). Such
a transformation has been the object in recent years of considerable interest in celestial
mechanics, theoretical physics and theoretical chemistry. It has been used by Kustaan-
heimo and Stiefel [6, 7] for regularisation at the origin of the three-dimensional Kepler
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problem. This transformation has also been considered independently by lkeda and
Miyachit [8] in the framework of a unified treatment of the R* isotropic harmonic
oscillator, the R® hydrogen atom and the R spherical rotator. Further works on the
connection between the R® hydrogen atom with Coulomb potential only and the rR*
isotropic harmonic oscillator (or, equivalently, a coupled pair of R? isotropic harmonic
oscillators) have been conducted using the ks transformation in a (Schrodinger) partial
differential equation approach [9-17], a (Feynman) path integral approach [18-23]
and a (Weyl-Wigner-Moyal) phase space approach [24]. It has also been shown that
the problem of an R* hydrogenlike atom in an electric or a strong magnetic field can
be converted, by means of the ks transformation, into the problem of an R* isotropic
anharmonic oscillator presenting anharmonicity of degree 4 and 6 respectively and
subjected to a constraint [25]. The ks transformation has also been used to tackle the
problem of an R® hydrogen atom in the presence of a time-dependent electric field
[26]. Furthermore, the interest of the ks transformation has been pointed out for
potentials of relevance in various problems from quarks to atoms and molecules as,
for example, the Hartmann potential (of relevance for ring-shaped molecules) and the
Kratzer potential (of relevance for vibration-rotation spectroscopy of molecules) [27].
To close this (probably not exhaustive) review, we mention that the ks transformation
has been used in connection with a quantum theory of infinite component fields [10],
with a complete geometrical description of the magnetic monopole of Wu and Yang
[28], with a characterisation of a new class of instantons [29] and with a study of
supersymmetries for particles in a Coulomb potential [30].

The ks transformation, which is not an extension of the Lc transformation (as
noted in [27]), and the Lc transformation both have counterparts in n=2, 4 and 8§
dimensions. Many of these transformations are closely related to the classical Hopf
bundles [31-33]. (As is well known, the ks transformation corresponds to the §3/8'=
S’ Hopf fibration.) In this respect, Polubarinov has studied quadratic transformations
corresponding primarily to the Hopf fibrations on spheres [32]. His study is developed
in terms of spinors and hypercomplex numbers with the aim of obtaining Fierz identities
for transforming classical or quantum Lagrangians and Hamiltonians. Quite recently,
a tentative classification of quadratic transformations not necessarily related to Hopf
maps has been proposed [33].

It is one of the aims of this paper to investigate, in a general algebraic framework,
usual (i.e. compact) as well as generalised (i.e. compact and non-compact) quadratic
transformations. This framework relies on the use of real Cayley-Dickson algebras
[34, 35] in eight dimensions. The latter algebras turn out to be particularly relevant
for physical applications (see [35]). They cover the classical and hyperbolic octonions
which have been used by Moffat [36] for describing a non-symmetric theory of
gravitation in four dimensions. The four-dimensional subalgebras of the eight-
dimensional Cayley-Dickson algebras are the algebras consisting either of classical
quaternions or of hyperbolic quaternions. Classical and hyperbolic quaternions have
been used by Jantzen [37] to study spacetime symmetries in cosmological problems.
The two-dimensional subalgebras of the four-dimensional Cayley-Dickson algebras
include the algebra of complex numbers and the one of hyperbolic complex numbers.
The hyperbolic complex numbers have been used to describe pseudoconformal transfor-
mations in two-dimensional hydrodynamics [38]. All the aforementioned algebras in

* These authors employ a parametrisation of R* from which the Kustaanheimo-Stiefel transformation arises
quite naturally.
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n=2, 4 and 8 dimensions are composition algebras and either division algebras or
singular (following the terminology of Ilamed and Salingaros [39]) division algebras.
A general study and construction of the Cayley-Dickson algebras in any dimension
is given in the papers by Wene [35] who exhibits a close connection between the latter
algebras and the Clifford algebras.

We start in § 2 from the eight-dimensional Cayley-Dickson algebras and define
anti-involutions of these algebras and of their subalgebras. This leads to a decomposi-
tion of the Cayley-Dickson algebras of dimensions n =2, 4 and 8 in the form H® M,
where H is a Lie-admissible subspace and M an (ordinary) subspace (which may not
span a subalgebra). These anti-involutions allow us to define in § 3 what we call
Hurwitz transformations. These transformations correspond to maps from the con-
sidered Cayley-Dickson algebras onto their subspaces M. A first property of the
Hurwitz transformations concerns a quadratic relation which generalises a relation
occurring in the celebrated Hurwitz factorisation problem [40] on the sum of n=2, 4
or 8 squared numbers. A second property deals with their invariance under the Lie
group G constructed from the set of generators of H and even with their invariance
under G/Z,. Then, we identify the various Hurwitz transformations to quadratic
non-bijective transformations with kernel G/Z,. An explicit formulation of the Hurwitz
transformations in terms of Clifford algebras is also given in § 3.

In the four-dimensional compact case, the so-called Hurwitz transformations are
nothing but alternative presentations of the ks transformation. In contradistinction,
in the two-dimensional compact case, it is not possible to recover the Lc transformation
in the framework of the Hurwitz transformations. In this sense, the ks transformation
is not an extension of the Lc transformation as noted above. In § 4 we introduce what
we call quasiHurwitz transformations. These transformations constitute compact and
non-compact generalisations in n=2, 4 and 8 dimensions of the L¢ transformation.
(The quasiHurwitz transformations may be defined equally well in arbitrary 2m
dimensions.) They are built as quadratic transformations on two-, four- and eight-
dimensional Cayley-Dickson algebras (a fact which justifies the name quasiHurwitz)
with a discrete kernel Z,. (A particular example of these quasiHurwitz transformations
has been already worked out by Kibler and Négadi in the four-dimensional compact
case [27].) A Clifford formulation of the quasiHurwitz transformations is also given
in § 4.

A second goal of this work is to investigate the Hurwitz transformations in a
geometric framework. This is achieved in § 5 where the invariance under the group
G/Z, of the Hurwitz transformations leads to fibre bundles. More precisely, we are
led (i) to classical Hopf bundles (i.e. with fibrations on spheres) when choosing the
algebras of complex numbers, quaternions and octonions (a result that is known) and
(ii) to pseudoHopf bundles (i.e. with fibrations on hyperboloids) when choosing the
algebras of hyperbolic complex numbers, hyperbolic quaternions and hyperbolic
octonions (a result which is apparently new). The pseudoHopf bundles admit compact
and non-compact fibres and have as base spaces either single-sheeted hyperboloids or
two-sheeted hyperboloids.

The Hurwitz transformations (which involve the ks transformation) and the quasi-
Hurwitz transformations (which involve the Lc transformation) can be used to relate
(elliptic or hyperbolic) differential operators in different dimensions. This point is
examined in § 6 where we relate several hyperbolic differential operators in three and
four dimensions as well as in five and eight dimensions. This gives the key for switching
to physical applications. In particular, we deal in § 7 with applications to non-compact
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sigma models on curved spaces (cf [41] for non-linear sigma models on spheres).
Generally speaking, each application is concerned with a dimensional reduction process
(cf the dimensional reduction of Hamiltonian systems in [42]). This may be transcribed,
for quantum mechanical systems, in terms of invariance and non-invariance algebras
as shown in § 7. A typical example is provided with the R® (R®) hydrogen atom whose
non-invariance algebra so(4, 2) (so(6, 2)) may be obtained from a dimensional reduc-
tion approach to the R* (R®) isotropic harmonic oscillator.

This article contains two appendices. In appendix 1, we give an explicit realisation
of the Clifford matrices I'; of orders 8, 4 and 2 occurring in § 3 and briefly discuss the
Dirac groups associated to the Clifford algebras of degree 2m —1. In appendix 2, we
construct the ‘inverses’ of the Hurwitz transformations in n =2, 4 and 8 dimensions.

2. Eight-dimensional Cayley-Dickson algebras

2.1. Description of the algebras and of their subalgebras

The eight-dimensional Cayley-Dickson algebras are generated by a set of seven
generators e, €., ...) e, which obey the multiplication law defined in table 1, where
each ¢, (i=1,2,3) stands for 1 or ~1. In other words, we have the rule

5
ee=—gut Y aye, (kand I=1,2,...,7) (1)
m=1
where the g, are the matrix elements of
g =diag(—¢,, —¢s, 16, —C3, €)Cy, €2€3, —C1C2C3) (2a)

and the constants a,,” = —a,™ directly follow from table 1. Let us remark that the
tensor defined by

5
Aim = E gmnaklrl (2b)
n=1

is totally antisymmetric. We shall denote by A(c,, c,, ¢;) the eight-dimensional Cayley-
Dickson algebra on R responding to the (standard) multiplication law described by
table 1. The unit element e, of A(cy, ¢;, ¢;) is simply denoted 1 as is implicit in (1).
A general element u in A(c¢,, ¢o, ¢3) is

7

u=uy+ Y ue u, R
k=1

(a=0,1,...,7). (3)

Table 1. Table of the products e,e; for the Cayley-Dickson algebra A(c,, ¢,, ¢;). For
instance e,e; = —e;e, = —Cse,.

e, e, ey e, e € e,

e, ¢ €, e, es crey —e, —C, €
e, —e; ¢y —cse, € e cre, cre;5
e ~ce, c e, -0, e, i€ —caes5 ~c,Cyey
e, —es —e —e; I —cse, —cye; —c3€;
es —c e —e; —C € cse, —C6; ci€; ¢ cyey
e e, ~Caey ca€5 36, —cye — €54 —y03€,
e, i€ ~Cse5 ¢ Cr8, ciey —c c 8, 005, €162y
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The conjugate u™ of u is defined by
u*= Uy — Z Ué€; (4)
k=1

and the norm N(u) of u by
N(u) =uu*=u*u
B} ) R} o) I} 2 2 e}
= Up— O U~ U € CUT — UL O U T CaGU— ¢y eacun (5)

Equation (5) may be rewritten as

M\l

Nu)i=

o,

Ne+1.p+1UsUg (6)
=0

™

where the 7,, define the metric

1 0
nz[o g] ™

of an eight-dimensional Euclidean or pseudoEuclidean space.

We now analyse all the eight-dimensional algebras described by (1)-(7). Each
triplet (¢, ¢z, ¢;) with ¢,, ¢; and ¢; =1 or —1 gives rise to a metric n and to a system
of seven hypercomplex numbers. The corresponding algebra A(cy, ¢,, ¢;) is normed
or pseudonormed according to whether the metric 7 is Euclidean or pseudoEuclidean.
The algebras A(c,, ¢., ¢;) are not associative. Nevertheless, they are alternative, i.e.
the associator

[u, v, w]=(uv)w—u(ovw) (8)

of three elements u, v and w in any A(c,, ¢,, ¢;) is totally antisymmetric. Furthermore,
they are composition algebras, i.e.

N(uv)*= N{(u)*N(v)’ (9)

for each u and v in any A(c,, ¢5, ¢;). The latter point, to be fully discussed in § 3,
reflects the Hurwitz theorem [40] and some properties specific to Cayley-Dickson
algebras of dimensions n<8 [34]. The parametrised eight-dimensional algebra
Alcy, ¢5, ¢c3) generates real algebras of dimensions n=2, 4 and 8 and we close this
subsection by separately considering the cases n =8 and n =4 and 2, which cases may
be associated to the various triplets (c,, c», ¢;) and to the various generalised triplets
(¢, ¢,0) and (¢,,0,0), respectively.

Case n = 2. It corresponds to A(c,)= A(¢,,0,0). For ¢, =-1, we find A(—1)=C, the
normed algebra of usual complex numbers. For ¢, =1, we find A(1) =, the algebra
of hyperbolic complex numbers [39]. This algebra admits zero-divisors since there
exist elements u in  such that u# 0 and N(u)=0. In fact,

N(u)’=ui—uj (10)

and we can isolate in §) the cone of all zero-divisors. Following [lamed and Salingaros
[39] we call the pseudonormed algebra Q) a singular division algebra, i.e. an almost-
everywhere division algebra.
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Case n=4. It corresponds to A(c, c:)=Al(c,c;,0). For ¢,=¢,=-1, we find
A(-1,-1)=H, the normed algebra of (Hamilton) usual quaternions. For (¢, ¢;) #
(~1, —1) with ¢, and ¢, =+1, we are led to A(1, 1), A(1, —1) and A(-1, 1) which are
all isomorphic to the algebra of hyperbolic quaternions (or Godel quaternionic algebra
or split quaternionic algebra, cf[37]). Referringto a general classification by Salingaros
{39] we call N, the latter pseudonormed algebra. The hyperbolic quaternionic algebra
N, is a singular division algebra. For instance, if u belongs to A(—1, 1), then

N =ui+ui—ui-u3 (11)

and we obtain again a cone of zero-divisors.

Case n=8 It corresponds to Alc,,c.,c3). For ¢, =c¢,=c;=—1, we find
A(-1,~1,~1) =0, the normed algebra of (Cayley) usual octonions. For (¢,, ¢,, ¢;) #
(—1,~1,-1) with ¢;, c;and ¢c; = =1, we obtain seven algebras isomorphic to the algebra,
that we denote as @', of (Dickson) hyperbolic octonions. These seven pseudonormed
algebras are related to eight-dimensional pseudoEuclidean spaces with metrics of the
signature 0. For example, if u belongs to A(—1, —1, 1), then

Nu)=uj+ui+us+us—u;—ui—uz—ul. (12)

Equation (12) shows that the hyperbolic octonionic algebra 0’ is a singular division
algebra with a cone of zero-divisors.

We give a summary of the main properties for the Cayley-Dickson algebras in
dimensions n =2, 4 and 8 in table 2.

2.2. Anti-involutions of the algebras and of their subalgebras

For the purpose of defining anti-involutions of A(¢,, ¢, c;), let us first emphasise those
points which are relevant for the construction of a 2n-dimensional Cayley-Dickson
algebra from a n-dimensional Cayley-Dickson algebra (cf also [35]) . We start from
a (real) Cayley-Dickson algebra A(c) of dimension n with n—1 generators
e, ¢e,...,e,,. The argument c identifies to ¢,, ¢, ¢; for n =8, to ¢,, ¢, for n =4 and
to ¢, for n=2. For n arbitrary, cis a p-uple ¢;, ¢,,..., ¢, whereeach ¢, (i=1,2,..., p)
stands for 1 or —1 and p is such that 2” = n. Then, we can construct a new Cayley-
Dickson algebra A(c, ¢'), where ¢’ = £1, of dimension 2n and called the double algebra
of A(c). The algebra A(c, ¢’) is the set of all pairs (u, v), where u and v belong to
A(c), endowed with the multiplication rule

(u, v)(w, x) = (uw~+c'x*v, vWw™ + xu). (13)

(Conjugates of the type x* for x in A(c) are defined by a relation mimicking (4) in
an obvious way.) Finally, with the following identifications:

A(c)={(u,0); ue A(c)}
1=(1,0) e;=(e,0),... e,.1=(¢e,_,0) (14)
e,=(0,1) €1 =(0,€,),... €,1=(0,e, )

it is possible to write

Alc, ¢ )Y=A(c)®D A(c)e, with el=¢'. (15)
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The crux of our algebraic approach amounts to constructing anti-involutions of
the various Cayley-Dickson algebras A{c,, ¢,, ¢3), A(c,, ¢,) and A(c,). We now define
what we mean by an anti-involution of an arbitrary algebra A.

Definition 1. An anti-involution j of an algebra A is an involutory anti-automorphism
of A, i.e. a mapping j of A into A such that j(j(a))=a and j(ab) =j(b)j(a) for each
a and each b in A.

Returning to the decomposition afforded by (15), we remark that the usual conjugation
of A(c) can be used to generate two anti-involutions of A(c, ¢'). The first one, which
we call j,, corresponds to the usual conjugation of A(c, ¢') which may be described by

Jo((u, v)) = (u, v)* = (u*, —v). (16)
The second one, which we call j, is defined by

J((u, v)) = (u*, v). (17)
As an example of how to manipulate these two anti-involutions, we can easily verify that

J((u, v)(w, X)) = (w*u™+ c'v*x, ow* + xu) (18)
and

Jw, x))j((u, v)) = (w*, x)(u*, v) (19)
are equal.

In order to obtain other anti-involutions of a Cayley-Dickson algebra, we give a
‘decomposition’ process which may be thought of as the reverse of the ‘composition’
process described by (15). Starting with a 2m-dimensional Cayley-Dickson algebra
A(c), we can find 2m-1 m-dimensional Cayley-Dickson subalgebras
A\, A,, ..., A, of A(c) such that

A(c)= A D Age, (k=1,2,...,2m—1) (20)

where ¢, is such that ue, does not belong to A, for each u in A,. Equation (20)
parallels (15) and, in fact, identifies with (15) for A(c)=A(c, ¢'), A = A(c), e, =e,
and m=n. Then, due to (16) and (20), it is possible to find 2m anti-involutions
JosJis .- +sJam—1 of A(c), jo being the usual conjugation of A(c) and the j, for k=
1,2,...,2m~1 being the anti-involutions defined by (cf (17))

Je((u, v)) = (u*, v) k=1,2,...,2m~-1 form#1 21)
21
J((u, v)) = jol(u, v)) = (u, —0) form=1
where u belongs to the subalgebra A, of A(c). Let us mention that the anti-involution
(of the quaternionic algebra H) considered in [43] constitutes a special case of the

anti-involutions j, (k=1,2,...,2m—1) defined in this work.
Each anti-involution j, (for @ =0,1,...,2m—1) of A(c) allows us to decompose
the 2m-dimensional vector space A(c) as
A(c)=H, @M, (22)

where the two vector subspaces M, and H, are such that

Jo(Hy)=-H, and  j,(M.)=M,. (23)
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Itisto be pointed out that M, withk=1,2,...,2m—-1land H, witha=0,1,...,2m -1
are not subalgebras of A(c). However, the vector space 1@ H, fork=1,2,...,2m—1
gives rise to the m-dimensional Cayley-Dickson algebra A, when m# 1 and to the
two-dimensional Cayley-Dickson algebra A(c)=C or {!} when m=1. Note that the
2m-dimensional space 1@® H, gives rise to A(c). In the particular cases 2m =2, 4 and
8, we can generate an associative algebra from a basis of the vector space H, for
k=1,2,...,2m—1. Then, in these cases, it is possible to endow H, with a Lie algebra
structure. It is enough to take [x, y]=xy — yx as Lie law, for if x and y belong to H,,
then [x, y] also belongs to H,. This Lie-admissible character of the space H, will be
used in § 3.

We now apply this to the Cayley-Dickson algebras A(c) of dimensions 2m =2, 4
and 8. At this point, it is worth recalling that if {e,; k=1,2,...,7} is a system of
generators of the eight-dimensional Cayley-Dickson algebra A(c,, ¢,, ¢;) then all the
sets of generators of its quaternionic subalgebras can be deduced from the first Cayley
triangle (e, e,, e;) by rotations of angle 27/7 of the heptagon (e, e, e,, es, €, €5, €7).
More precisely, we denote H, (k=1, 2,..., 7) the vector space deduced from (e, , e,, e;)
by a rotation of angle (k—1)27/7 performed on (e, e, e,, €5, €, €, €;). Similarly,
in the four-dimensional case, we denote H, (k =1, 2, 3) the vector space deduced from
the point (e,) by a rotation of angle (k —1)27/3 performed on the triangle (e,, e, ;).
Finally, in the two-dimensional case, the single H, corresponds to the single point
(e;). We are now in a position to examine in turn the cases 2m =2, 4 and 8.

Case 2m = 2. In the two-dimensional case, we have either A(c)=C or A(c)=Q. For
A(c)=C, the space H, is spanned by e, with e{=~1. For A(c)=Q, the space H, is
spanned by e, with ej=1.

Table 3. Generators of the possible subspaces H, for the various Cayley-Dickson algebras
Alcy, €3, ¢3).

H,
Alcy, 61, ¢3) H, H, H, H, H; H, H,
A(c,0,0) €
Alcy,0,,0) € € €
Aley, ¢, €5) €1, €, 8 €3, €y, €y €y, €4, €5 €3, €5, € €, €4, € €, €5, €y €y, €, €y

Tabled. The possible algebras 1@ H, for the various Cayley-Dickson algebras A(c,, ¢, c3).

Possible algebra

Dimension 2m Algebra 1®H,
of A(cy, ¢3, ¢3) Aley, ¢y, €5) (Ale;, ¢, c3)=H,@M,)
2 C c
Q Q
4 H C
N, CorQ
8 0 H
o’ H or N,
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Case 2m = 4. In the four-dimensional case, we have either A(¢)=H or A(c)=N;.
First, H admits three (complex numbers) subalgebras C so that H, is spanned by real
multiples of e, with ei=~1 (k=1, 2 or 3). Secondly, N, contains one (complex
numbers) subalgebra C and two hyperbolic (complex numbers) subalgebras (2. Then,
H, (k=1,2,3) is spanned either by one of the two e, such that e;=1 or by the
remaining e, such that ej = —1.

Case 2m = 8. In the eight-dimensional case, we have either the usual octonionic algebra
A(c) =0 or the hyperbolic octonionic algebra A(c) =0'". First, § comprises seven usual
quaternionic subalgebras H. Consequently, H, (k=1,2,...,7) is spanned by the set
of all the linear combinations of ¢, , e, and e, such that {e, , e,., €,} is a system of
generators for H. Secondly, 8’ admits only one subalgebra of type H and six subalgebras
isomorphic with the hyperbolic quaternionic algebra N,. Then, H, (k=1,2,...,7) is
spanned by the set of all the linear combinations of ¢, , ¢,, and e, such that {ep , ¢,,, ¢,,}
is a system of generators for either H or N;.

We summarise the results of this subsection in tables 3 and 4.

3. Hurwitz transformations

3.1. Definition and properties

In § 3, we restrict our attention to Cayley-Dickson algebras A(c) of dimension 2m =2,
4 and 8. According to § 2, for fixed 2m we have A(c)= H,@® M,, where H, = —j,(H,)
and M, =/, (M), j. being one of the 2m —1 anti-involutions of A(c) with k=
1,2,...,2m—1for2m=2,4 or 8. We now introduce what we call a Hurwitz transfor-
mation through the following definition.

Definition 2. The maps

I A(e) > Ale) tum i (u)u (24)
and

HRA(e) > Ale) :u— uj(u) (25)

are called, respectively, left and right Hurwitz transformations of A(c).
We shall use the notations

xp= KR () = wji(u) (26)
and
xo= 1 (w) = (u)u (27)

for some fixed value of k (k=1,2,...,2m—1). The Hurwitz transformations X, =
1 (u) and xp =K' (u) satisfy properties 1-5 below. When the proof is detailed,
this is done only for the right Hurwitz transformations since the proof for the left
Hurwitz transformations follows the same pattern.
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Property 1. The right and left Hurwitz transformations %" and %"’ are connected via

KR Gelu)) = H1(u) (28)
and

HEGiu)) =HR(u) (29)
for each element u in the Cayley-Dickson algebra A(c).
Property 2. The right and left Hurwitz transformations are transformations of magnitude
2, i.e.

N(xg)*= N(u)* (30)
and

N(x )= N(u). (31)

Proof. Let us start from
N(-XR)2 = XpXR = (ujk(u))(ujk(u))* = (ujk(u))((jk(u))*u*)' (32)

We can easily verify that (j, (#))* =j,(u*). Therefore, if the algebra A(c) is associative
(i.e. when A(c)=C, Q, H or N,), we can write

N(xr) = wjp (w)ji(w*)u* = wjp (w*u)u* = (uu*)> = N(u)*. (33)

If A(c) is not associative but alternative (i.e. when A(c)=0 or 0'), it is still possible
to associate j,(u) and j.(u*). First, we set u=u,+v and j(u)=w with u, a real
number and v a pure (hyperbolic) octonion. Then,

N(xg)*= ((uo+ v)w)(w*(uo—v))
= (uow)(W*ug) — (uow)(w*v) + (vw)(w*uo) — (ow)(w*v). (34)
Second, the desired result follows by applying to (34) two properties (see [44]), namely,
the identity u(u*v) = (vu)u®*, which holds for any ¥ and v in an alternative algebra
endowed with a conjugation, and the so-called Moufang identity u(vw)u = (uv)(wu),
which holds for any u, v and w in an arbitrary alternative algebra.
Property 3. We have
HE(A(e) s My and H(A(c)) e M (35)

where M7 is the subset of M, containing elements of squared norm positive or null only.

Proof. For any u in A(c), we obtain
J (IR () = H (). (36)

Consequently, %" (u) belongs to M,. The proof is completed by noting that, according
to property 2, ¥%’(u) has a squared norm positive or null.

Property 4. The manifold G, =exp(H,) is a Lie group.

Proof. 1t follows immediately from the Lie-admissible structure of H, which is outlined
in §2.



318 D Lambert and M Kibler

From the definition of H,, we remark that each element of G, is either a (hyperbolic)
complex number of norm =1 when 2m =2 and 4 or a (hyperbolic) quaternion of norm
+1 when 2m =8.

Property 5. The coset G,/Z, is the kernel of the Hurwitz transformations %%’ and ¥\~

Proof. Let v be an element of G,. According to our preceding remark, v is of norm
+1. Furthermore, we have

o) = v* (37)

because v is either a (hyperbolic) complex number or a (hyperbolic) quaternion. Let
us now calculate ¥’ (uv) for an arbitrary element u in A(c). We get

He (uv) = (uv) (0¥ (u)). (38)

When the dimension of A(c) is 2m =2 or 4, the right-hand side of (38) is easily seen
to be uj (u). The same result may be reached when the dimension of A(c) is 2m =8.
To prove the latter assertion it is convenient: first, to decompose u as u = (w, x), where
x and w are, in the notations of (13)-(21), two elements of the algebra 1® H, and
second, to realise that vwv* = w. As a partial conclusion, we have ¥’ (uv) = uj.(u)
for u in A(c) and v in G,. Furthermore, each v in G, can be multiplied by —1 without
any change of % (uv) = wji(u) and the kernel of ¥’ is hence G,/Z,.

Table 5 lists all the kernels G,/Z, corresponding to 2m =2, 4 and 8. For 2m =2, the
space H, is generated either by a pure complex number or by a pure hyperbolic
complex number, so that exp( H, ) identifies to either U(1) or R®R and G,/Z, to either
SO(2) or SO(1, 1), respectively. For 2m =4, the same reasoning leads to the kernel
SO(2) in the quaternionic case and to the kernel SO(2) or SO,(1, 1) in the hyperbolic
quaternionic case. For 2m =8, we first consider the octonionic case. Then, we know
that H, is generated by a pure quaternion. Therefore, exp( H, ) identifies to SU(2) and
the coset G./Z, to SO(3). Secondly, in the hyperbolic octonionic case, H; is generated
either by a pure quaternion or by a pure hyperbolic quaternion, so that exp(H,)
identifies to either SU(2) or SU(1, 1) and G,/Z, to either SO(3) or SO(1, 2), respec-
tively.

3.2. Hurwitz transformations and Clifford algebras

In this subsection, we establish contact between the Hurwitz transformations and
Clifford algebras. We shall here again work directly in eight dimensions since the

Table 5. The possible kernels G, /Z, for the various Cayley-Dickson algebras A(c,, ¢», ¢;).

Dimension 2m Algebra Kernel
of A(c,, ¢, ¢3) Alcy, i, €3) G./Z,
2 C SO(2)
Q SO,(1, 1)
4 H SO(2)
N, SO(2) or SO\(1, 1)
8 0 SO(3)
Q' SO(3) or SO4(1,2)
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(2m=4)- and (2m =2)-dimensional cases straightforwardly follow from the (2m =
8)-dimensional case.

From the generators e,, e, . . ., e, of the eight-dimensional Cayley-Dickson algebra
A(cy, 3, ¢3), we define the following eight-component vector:

1
e= 6;1 . (39)
&
Then the product e.e produces a real matrix I', of order eight through

ee=Te (k=1,2,...,7). (40)

In appendix 1, we give the 8 x 8 matrices 'y, for k=1,2,..., 7 in explicit form. From
the definition of the '), we readily obtain the property

[v=-nTn (k=1,2,...,7). (41)

Furthermore, we have the following preliminary lemma.

Lemma. The set {I',; k=1,2,...,7} generates the Clifford algebra €(p, q) of degree
p+tq=7 with —~p+ g being the signature of the metric g.

Proof. 1t is sufficient to combine (1) and (40). This leads to
I‘kr['*'rlrk:_zgk[ug (k and I=1,2,,7) (42)

which almost completes the proof. (The 2m-dimensional unit matrix is denoted as
1,,,.) The (2m =4)- and (2m =2)-dimensional cases may be obtained from evident
restrictions of (39)-(42).

Table 6 identifies the Clifford algebras of degree 2m —1 generated by {I';; k=
1,2,...,2m -1} for 2m =2, 4 and 8. The notations €(p, ), N, and R(s) in table 6
refer to the work of Salingaros [45]. Note that N, is isomorphic to R(2), R(s) being
the algebra on R of s x s real matrices.

We are now in a position to translate the product of two arbitrary elements of
A(cy, s, ¢;) in terms of the Clifford matrices I',. To each element u in A(c,, ¢, ¢3),

Table 6. The Clifford algebras ¥( p, q) associated with the various Cayley-Dickson algebras
Alcy, ¢3, €y).

Dimension 2m

of A(c,, ¢,, ¢3) Triplet (¢;, ¢a, €3) Clifford algebra €(p, q)
2 (¢,,0,0)=1(-1,0,0) €(0,1)=C
(¢,,0,0)=1(1,0,0) €(1,00=0
4 (e, 63,00=(-1,-1,0) €(0,3)=H®H
(ey, 02,00 # (-1, -1,0) €(2,1)=N,®N,
8 (e, 6,030 =(=1,-1,~1) %(0,7)=R(3)DR(8)

tep, e, )= (=1, -1, 1) €(4,3)=R(8)DR(8)
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cf (3), we associate the eight-dimensional (real) vector

o

u=| . (43)

Uy
Then (3) can be rewritten

u=de=eu. (44)

Further, the product uv for u and v belonging to the algebra A(cy, ¢3, ¢;) is, in matrix
form,

up = (u0+ 27: ukek>e'v (45)

k=1

or, equivalently,

uv = é( upls + kil ukf‘k) v. (46)
By introducing the 8 X 8 matrix

A(u) = uglg + él u L (47)

the product uv can be finally transcribed as
uv = éA(u)v. (48)

The explicit expression of A(u) is obtained by putting the matrices I';, of appendix
1 into (47). This yields

Uy CiUy CrUs —C1CoU;3 Cily —C1CiUs —C3C3Ug C1C5C3 Uy
ul uo C2u3 _C2u2 C3u5 "C3u4 C2C3u7 —(_‘2(33146
U, —Cuy Uy Ciuy CilUg —CC3Uy —C3Uy CyC3Us
Uy — U, u, Ug CyUy —C3Ug CiUs —C3U4
A(u)={ (49)
Uy, —CUs —Cilg CiCrUq Uy C Uy Corls —CChUy
Us — U4 —CoU5 Calig U, Uy —CyUs Crls
Ug Ci Uy —Uy —CiUs U, CilUsy Ug —C U
Uy Ug — U4 — Uy U, U- —u Ug
This matrix A(u) satisfies the following properties:
A = *
A(u)=nA(u*)n (50)
and
A(u)nA(u) = (iinu). (51)

Equations (50), where u* is the matrix representative of u™ = éu*, and (51) can be
proved by replacing A(u) by its expression (see (47)) in terms of the matrices I',. We
shall refer to (51) as a generalised Hurwitz property since it constitutes an extension
of a property established by Hurwitz in the special cases ¢;=c,—1=¢;—1=-1,
¢;=¢=¢—~1=-1and ¢,;=c¢,=c;=—1 in connection with the famous factorisation
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problem of the sum of 2, 4 and 8 squares, respectively [40]. In this vein, (51) provides
us with the solution of the following generalised (Hurwitz) problem. Given i =
(ugu, ... u;) and 6 =(vev, ... vs7), find w=(wow, ... w;) such that

wnw = (idqu)(tnv). (52)
The solution is (up to matrices pseudo-orthogonal with respect to the metric 7)
w=A(u)v (53)

where A(u) satisfies (51) and may be taken as given by (49). (By up to pseudo-
orthogonal matrices we mean that we may replace, in (53), the matrix A(u)v by
RA(u)Sv, where R and S are matrices pseudo-orthogonal with respect to the metric
7.) Note that (52) and (53) constitute indeed a rewriting of (9) with uv =w. When
converted in arbitrary dimension, the latter generalised problem can be seen to admit
solutions only in dimensions 2m =8, 4 and 2. The solutions in dimensions 4 and 2
may be derived by taking the four- and two-dimensional restrictions of (49)-(53)
respectively. (The matrices A(u) and 7 in two or four dimensions are simple restrictions
of the corresponding matrices in eight dimensions.)
Let us now introduce the partial conjugation matrices ¢, €, ..., &; via

e, =diag(1, ¥, ..., &) (k=1,2,...,7) (54)
where £, is defined as follows. We take ' =—1 if p belongs to {p,, p,, ps} such
that {e,, e,,, e,} is a basis for the vector space H, (cf § 2) and s;,k’ =1 if not. (From
§ 2, it is clear that the various possible {p,, p,, ps} are: {1,2,3}, {1,4, 5}, {1,6,7},
{2,4,6},{2,5,7},{3,4,7} and {3, 5, 6}.) Then, we are able to realise the anti-involution
Jjx (for k=1,2,...,7) by noting that

Ji(u) = éeu. (55)

It is clear that the vector ¢,u corresponds to an element of A{c,, ¢5, ¢;) that is a partial
conjugate of u (with three changes of sign among ug, u;, ..., u;). In the realisation
afforded by (44), (48) and (55), the right Hurwitz transformation ¥’ is described by

HE:Aley, €2, ¢3) > M7 éurséA(u) e, (56)
Similarly, for the left Hurwitz transformation ¥\’ we have

HF Ay, €, ¢3)> M7 éus éA(eu)u. (57)
It is convenient to use the shorthand notation

x=Hg(u) or  x=A"u) (58)
for some fixed k, so that the eight-dimensional (real) vector x associated to x(= éx) is

x=A(u)e.u or x=A(egt)u (59)

respectively. We remark that (30) and (31), and therefore property 2, can be transcribed
as Xnx = (@iqu)® with the notation of (58) and (59). We shall continue with illustrative
examples concerning right Hurwitz transformations (since similar results apply to both
right and left Hurwitz transformations) in the cases 2m =8, 4 and 2. The ‘inverses’ of
the right Hurwitz transformations displayed below are relegated to appendix 2.
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Case 2m = 8. We choose the right Hurwitz transformation x = %'(u) with H, being
the vector space spanned by e,, e, and e; (cf table 3). Therefore, we have
x=A(u)e,u with e, =diag(1, ~1,-1,-1,1,1,1, 1). (60)
A simple development of (60) leads to the following explicit expression:
Xo= US— € U — U+ €U+ Caud = €1 C3UT — CaC3 U+ €, CrC3 U3
xy=0 x,=0 x,=0
X4 =2(uous+ Cru Us+ ColsUg — €, Co Uz U)
Xs=2(uUgus+ Uyly+ CoU> U7 — Call3Ug) (61)
X =2{(UgUg— CiU Uy Usliyt C U Us)
X7 = 2(Ugl; — Uy Ug+ Uslis+ Usly)

for the eight-dimensional transformation x = % '(#). From (61), we can easily verify
that

2 2 2
xg_ C3xi+ C1C3XS+ CZC:;xG_ C]CZC3X7
2 2 2 2 2 2 242
=(up— Cl“?' Caus+ €\ Cu5— Cyus+ € Cus+ CoC3Ug — €005 U7) (62)

which turns out to be the explicit form of (30) for xg = x = ¥ (u) with u in A(c,, ¢», ;).

Case 2m = 4. The restriction of (49) to the four-dimensional space yields

Up CUp ClUy —CCUs

A(u) = L3 Uo CUs  —CUp (63)
U, —GuUy U Ci iy
us U U, Ug

We choose H;, the vector space generated by e; (cf table 3). The right Hurwitz
transformation x = %% '(u) corresponding to H; is described by the relations

el
Xo=ui+c Ui+ cus+ e coul

Xy =2(UgU; T CoUU3)

(64)
X2 =2(uoly — €U U3)
X3=O
from which we get
2 2 24,2 2 2 2y2
Xo— X7 — 6X5 = (Ug— Uy — Cusz+ €1 Cu3)", (63)

In the special case where ¢; = ¢, = —1, (64) corresponds to the usual ks transformation
up to a relabelling of the indices a in u, (¢=0,1,3,4) and of the indices i in Xx;
(i=0,1,2). In this special case, our derivation of the Hurwitz transformations by
means of anti-involutions parallels the well known approach of the ks transformation
from the map of H onto H defined by (cf also [43])

Upt U e+ Uses+ Usey— (Ug+ u e, + Uses+ Uses) (U + Uy e, + uses — uses). (66)

In the special case where ¢, =c, =1, (64) corresponds to the transformation used by
Iwai [42] to reduce Hamiltonian systems with two degrees of freedom.
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Case 2m = 2. The restriction of (49} and (61) to the two-dimensional case leads to the
matrix

A(u)=<u0 C‘“‘) (67)

u, U
and to the right Hurwitz transformation x = % '(u) given by
Xo=Ug—c,u; x,=0 (68)

respectively. The latter transformation is (like the two preceding ones) a transformation
of magnitude two since

xg—exi = (ug—cui)’. (69)

We close this subsection with a word of comment concerning the situation where
the anti-involutions j, for k=1,2,...,2m—1 are replaced by the usual conjugation
Jo- There is then no difference between right and left Hurwitz transformations. Indeed,
for fixed 2m, the Hurwitz transformations 3" = %Y’ = %' correspond to applications
from R*” onto R* or R according to whether the metric g is Euclidean or pseudo-
Euclidean. (It should be noted that the transformation %' may be defined for 2m
arbitrary and that the transformations ¥~ and %" (k=1,2,...,2m~1) may be
defined with the maximum of properties for 2m =2, 4 and 8 only.) In the case 2m =8,
the Hurwitz transformation x = %*°'(u) is obtained by substituting

go=diag(1, -1, -1,-1, -1, -1, -1, -1) (70)
for €, in (56)-(59). This gives
xO=iiT)u x1=X2=...=X7=0. (71)

The cases 2m =4 and 2 correspond to evident restrictions of (71). In the case 2m =2,

it is clear that the Hurwitz transformations %{"’ and ¥}’ identify to ¥’

4. QuasiHurwitz transformations

4.1. Definition and properties
We start here with an arbitrary Cayley-Dickson algebra A(¢) of dimension 2m. Then
we introduce the following definition and list two immediate properties.
Definition 3. The application
FLAC)> A(c) i u—sx=L(u)=u? (72)

is called a quasiHurwitz transformation of A(c).

Property 6. The relation
N(x)’= N(u)* (73)

holds for any element u in A(c).

Proof. It follows from the application of a theorem by Artin [46] to
N(x)'= N(L(u)) = u (u®)* = (uu)(u*u*). (74)
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Property 7. The quasiHurwitz transformation & has a discrete kernel of type Z,.

This property is evident from definition 3. It is thus possible to consider the transforma-
tion & as a map from A(c) onto A(c)/Z,.

4.2. QuasiHurwitz transformations in matrix form
Let the 2m-dimensional (real) vector

Uy

Uy

u= : (75)

Urm—y

and the 2m X 2m matrix
2m-1 -
A(ll)=u032m+ Z ukr,\, (76)
k=1
be the 2m-dimensional generalisations of (43) and (47) respectively. Equations (75)
and (76) allow us to write x = £#(u) in matrix form as
x=A(u)u a7

and (77) is the matrix expression of the quasiHurwitz transformation £(u) = u* of the
2m-dimensional algebra A(c). (Equation (77) has a form quasisimilar to the one of
(60), a fact that is at the origin of the nomenclature ‘quasiHurwitz’.) We now focus
our attention on some special cases corresponding to particular values of the dimension
2m.
Case 2m = 2, Equation (77) leads to

Xo=Up+c,u’ X, = 2uglt; . (78)

In the compact case ¢, = —1, the algebra A(—1) is C and the quasiHurwitz transforma-
tion x = Z(u) is nothing but the well known Lc transformation. Therefore, by putting

w = Xg+ix, 2= uy+iu, i'=c=-1 (79)

the transformation £ turns out to be the conformal map

CoCizow=z (80)
It is obvious that
which express the analycity conditions of Cauchy and Riemann, and that
dx3+dxi=4(ud+ul)(dui+dui) (82)

which reflects the conformal nature of the Lc transformation. By imposing ug+ uj =1,
it follows from property 6 that x;+ xi = 1 and, according to property 7, the correspond-
ing quasiHurwitz transformation & may be seen as a map from S' onto S'/Z,, the
real projective space RP',
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In the non-compact case ¢, =1, the algebra A(1) is Q and the quasiHurwitz
transformation ¥ may be thought of as the map

Q->0:zw=2" (83)
with

w = Xy + ix, z7=uy+iu, i*=c =1 (84)
We can readily check that

0% _8xi 9% 9% (85)
dUy du, du; dJdug

which are referred to as hyperbolic analycity conditions by Laurentiev and Chabat
[38], and that

dxi—dx?=4(uy—ui)(dui—du’) (86)
which reflects the so-called (cf [38]) hyperbolic conformal nature of the map Z.

Case 2m = 4. Equation (77) yields
Xo= Up+ Ui+ Cus— i coUd
(87)
x1=2u0u1 X2=2u0u3 X3=2MOU3.

In the compact case ¢, = ¢, = ~1, the quasiHurwitz transformation £ is related to the
real projective space RP>. As a matter of fact, by taking u3+ uj+u3+u3=1, we have
x5+ x1+x3+x3=1, so that £ can be considered as a map from S onto S*/Z, which
is precisely RP?,
Case 2m = 8. The quasiHurwitz transformation x = £(u) is
Xo= U+ iUy + CoU3 — €, CUS + Cally — €, 03U — CoC3Ua+ €, C2CUT
x; =2uqu, Xy =2uUgls X3 =2uguy X4 =2Uoly, (88)
Xs = 2uUgls Xe = 2UglUs X7 =2ugus.

In the compact case ¢, = ¢; =c;=—1, repeating what we have just done in the two-
and four-dimensional cases, the quasiHurwitz transformation ¥ can be written as a
map from S” onto $7/Z,=RP’.

We are now ready to briefly discuss the general case where 2m is arbitrary. In this
case, the quasiHurwitz transformation x = .#(u) becomes

Xo=2uj— tinu X, = 2oy (k=1,2,...,2m—1) (89)

where 7 is the 2m-dimensional extension of the metric defined by (2) and (7). Equation
(89) gives back (78), (87) and (88) as particular cases. In the notation of (89), (73)
and therefore property 6 can be translated as £nx = (inu)®. Note that the reverse of
(89) is formally given by

U= £[xo % (Enx)'"?1'?/V2
U =xx/(2up) (k=1,2,...,2m—1).

Furthermore, the line element ds° = dx n dx can be shown to satisfy

(90)

di¥ndx=4dudinu+4uldig du+4(digu)’ (91)
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where g is defined by the extension of (2) to the 2m-dimensional case. It is remarkable
that (91) reduces to the conformal expression (see (82)) and to the hyperbolic conformal
expression (see (86)) in the particular case 2m =2. Finally, in the 2m-dimensional
compact case (i.e.forc, = ¢, =...= ¢, = —1 with2m = 27), the quasiHurwitz transforma-
tion ¥ appears to be a map from $°"! onto §°"'/Z, which identifies to the real

2m-—1

projective space RP .

5. Geometrical aspects of the Hurwitz transformations

In this section we suppose that u is an element of A(c,, ¢s, ¢;) such that N(u)*=1
and examine the Hurwitz transformations x = #{*'(u) or #'¢'(u) for the two-, four-
and eight-dimensional cases in the compact and non-compact versions. The compact
version yields Hopf fibrations (on spheres) and the non-compact one what we call
pseudoHopf fibrations (on hyperboloids).

5.1. The two-dimensional case

In this case, u belongs to C=A(—1) or Q= A(1) and N(u)’=1 means that u is on
the real sphere S' (of equation ui+uj=1) or on the hyperbola H'(1, 1) (of equation
us—ui=1), respectively. Consequently, the Hurwitz transformation x=%\"(u)=
9’ (u) induces a trivial map from S' or H'(1, 1) onto {1} according to whether u is
an element of C or Q).

5.2. The four-dimensional case

If u belongs to H= A(—1, —1), then N(u)>=1 means that u stands on the real sphere
S*. The Hurwitz transformations x = #\*'(u) and %&’(u) for k=1, 2 or 3 satisfy

3 2 3

(£u) =2 = (92)
a=0 a=0
with one of the x, vanishing. Then each of the latter transformations (which all
correspond to the ks transformation) describes the Hopf fibration on spheres S* - S*
of fibre SO(2) (that is homeomorphic to the real sphere S'), a known result as far as
the ks transformation is concerned.

If u belongs to N, = A(c,, ¢;) with ¢, =x1 (for i=1 and 2) and (¢, ¢,) # (-1, —1),
then the condition

N(u)=uj—cuy—cur+c,caus=1 (93)

means that u is on a single-sheeted hyperboloid which we denote as H*(2,2). We
restrict ourselves to (cy, ¢.)=(—1,1), a choice which does not induce any loss of
generality. Thus, the equation of H(2,2) is

u8+uf—u§-—u§=l. (94)
Following the results of § 3, we can foresee two types of Hurwitz transformations,

namely either (i) transformations with compact fibre or (ii) transformations with
non-compact fibre.

(i} Anexample of the first tvpe of Hurwitz transformation is x = %3 '(u) which gives

(ui+ui—uz—u3)’=x;-x3-xi=1. (95)
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This transformation describes the pseudoHopf fibration on hyperboloids H*(2,2)>
H?(1,2), of fibre SO(2)=S", where H’(1,2), is the upper sheet of the two-sheeted
hyperboloid H?(1,2) of equation

x2-xi-xi=1. (96)

(1t is easy to verify that %y'(H*(2,2)) is H?(1,2), rather than H’(1,2) because
xo=33 _, u’ remains positive.) We note that this fibration is inherent to the work of
Iwai [42] on the reduction, by an S' action, of Hamiltonian systems with two degrees
of freedom.

(ii) We consider now the second type of Hurwitz transformation in the four-
dimensional non-compact case with (¢, c;) =(—1,1). An example of such a type of
transformation is x = ¥'&’(u) which gives

(Wit ul-uw3—ud)=xi+xj-x3=1 (97)
This Hurwitz transformation describes a new pseudoHopf fibration on hyperboloids,

namely the fibration H*(2,2)> H*(2, 1) of fibre SOy(1, 1) (that is homeomorphic to
the real line R), where H?(2, 1) is the single-sheeted hyperboloid of equation

x2+xi-x3=1. (98)
Similar results may be derived for the doublets (¢, ¢;) =(1, —~1) and (1, 1) in the
cases (i) and (ii).
Topologically, H*(2,2) is homeomorphic to R°x S'. Therefore, the fibrations (i)
H3(2,2) - H*(1,2), of fibre S' and (ii) H*(2,2)-» H’(2, 1) of fibre R are trivial because
H?*(1,2), and H*2,1) are homeomorphic to R and R x S', respectively.

5.3. The eight-dimensional case

The Hurwitz transformations x = %{*(u) and ¥&'(u) with k=1,2,... or 7 for u in
O = A(~—1, —1, —1) such that N(u)>=1 satisfy

7 2 7
(£w) =% (99)
a=0 a=0

with three of the x, vanishing. Then, each of the latter transformations describes the
well known Hopf fibration on spheres S§7 > 8% of fibre SO(3) (that is homeomorphic
to the real sphere S°).

If u belongs to O'= A(c,, ¢3, ¢;) with ¢;=%1 (for i=1,2 and 3) and (¢, ¢5, ¢3) #
(=1, =1, —1), then the condition N(u)* =1 (see (5)) means that u lies on a single-sheeted
hyperboloid which we denote as H’(4,4). Without any loss of generality, we take
(ci, €3, ¢3)=(—1,—1,1). Hence, the equation of H(4,4) is

wituitudtui—ui-ui-ui-ui=1. (100)
We foresee two types of Hurwitz transformations: (i) Hurwitz transformations with
compact fibre and (ii) Hurwitz transformations with non-compact fibre.

(i) An example of the first type of Hurwitz transformation is x = % '(u) which
yields

(ui+ui+ui+us—ui—ui—ue—ud)’=xi-x;—xi-x1-x3=1.  (101)
This transformation leads to a new pseudoHopf fibration on hyperboloids, namely
H’(4,4)> H*(1,4), of fibre SO(3)=S’, where H*(1,4), is the upper sheet of the
two-sheeted hyperboloid H*(1, 4) of equation

Xo—Xi—xi-xi—-xi=1. (102)
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(It is clear that HI(H'(4,4)) = H*1,4), and not H*(1,4) since xo=X3]_, u? is
positive.)

(ii) Let us now consider the second type of Hurwitz transformation in the eight-
dimensional non-compact case with (¢, ¢s, ¢3)=(=1, =1, 1). An example of such a
type of transformation is x = %%’(u) which gives

(W +ui+us—ul—ui-ug—ud) =xi+x3+xi—xg—x3=1.  (103)
This Hurwitz transformation describes a new pseudoHopf fibration on hyperboloids,
namely H(4, 4) > H*(3,2) of fibre SO(1, 2) (that is homeomorphic to R’x S', a fact

readily understood if we remember that SO(1, 2)=S8U(1, 1)/Z,), where H*(3,2) is the
hyperboloid of equation
xa+xa+xi-xi—-xi=1. (104)

Of course, similar results apply, both for (i) and (ii), to the six other triplets
(¢1, ¢, c3) #(—1,—1,—-1) and (-1, =1, 1).

Topologically, H'(4,4) is homeomorphic to R*x S* while H*(1,4), and H*(3,2)
are homeomorphic to R* and R’ x §?, respectively. Consequently, (i) the pseudoHopf
fibration H(4, 4)» H*%(1, 4), of fibre S* is a trivial fibration while (ii) the pseudoHopf
fibration H'(4, 4) » H*(3, 2) of fibre R* x S' is a non-trivial fibration (cf the non-triviality
of the classical Hopf fibration S*- S of fibre S').

6. Differential aspects of the Hurwitz transformations

The aim of this section is to provide some differential expressions for the Hurwitz
transformations. We shall deal with right Hurwitz transformations since the left Hurwitz
transformations may be treated in the same way. In each of the cases 2m =38, 4 and
2, we shall consider a typical Hurwitz transformation.

6.1. The two-dimensional case

There is only one Hurwitz transformation, namely %y’. According to §3, such a
transformation may be described by the 2Xx2 matrix A(u) of (67) via the relation
x = A(u)e u. Then, it is straightforward to derive five properties.

Property 8. We have

<dx0) =2A(u)sl<du0) (105)
w du,

where @ =2(u, dug—uydu,) is a 1-form rather than a total differential. Because the
transformation ¥y’ maps R” onto R or R, it is possible to require w =0. This leads
to the following property.
Property 9. We have

dxg=4r(duj—c, du?) (106)
where r= N(u)>=ui— c,u;.

We can now derive the transformation law of the partial derivation operators (8/3u,)
(a =0,1) under ¥y
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Property 10. We get

0
1 ou
5% ) = pA(uyen| ° (1074)
1 2r 3
_...X —_—
2r ou,

where n =diag(1, —¢,) and
5] el
X=—C]u1__u — (107b)

8u0 Oaul‘

The operator X can be interpreted as a vector field defined in the basis {3/duo, 8/u}
of a tangent space at the point (u, u;).

If we introduce the action of a 1-form du, on the vector d/dug by du,(3/0uz) = 6(e, 8),
we obtain the next property.

Property 11. We have o{(1/2r)X]=1.

As a corollary of property 10, it is possible to express the transformation law of
second-order (elliptic or hyperbolic) differential operators under ¥} '. By defining V,
by V, =[(6/3uy)(3/6u,)], we may set out the last property.

Property 12. We have

¥ 1 8 1 1 ,
—t— — ==V V., +t—c, X" 108
x5 xo 0%, 4r K - (108)
When ¢, = —1, (108) takes the particular form
¥ 1 4 1 1,
+ o ——=—A X- (109a)

ox2 x, 0%, 4r “ 4r
where A, stands for the two-dimensional Laplacian and

9 9
X=u1_"u

o 109b
duy  °du, ( )

is the infinitesimal generator of a compact group SO(2). Equation (109a) was equally
well derived by Kibler and Négadi [47].
When ¢, =1, (108) specialises to
@ 1 4 1 1

—t+— =0, t X’ 10
8xo X0 0Xg 4r 4r* (110a)

where O, is the D’Alembertian

62 82
Duz - B 110b
dus aud ( )
and
d 0
X ==ty == uy— 10
lal‘() uoaul (1 C)

the infinitesimal generator of a non-compact group SO(1, 1). It is to be realised that
the left-hand side of (110a) cannot be defined on the ‘light’ cone ug—u}=0.
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6.2. The four-dimensional case

We consider the Hurwitz transformation 5% '(u) described by the 4 x4 matrix A(u)
of (63). The infinitesimal version of x = A(u)s;u may be understood through the
following property.

Property 13. We have

de duO
dx, du,

=2A 111
dx, (u)e; du, (111)
w du4

where the 1-form w = 2(u; dug— ug dus+ u, du, — u, du,) is not a total differential. The
transformation ¥%’' maps R* onto R* or R* xR” so that it is possible to demand that
w =0. This yields (112a) below.
Property 14. We get

dxi—c, dxi—c,dxi=4r(dug—c, dul—c, dud+c,c, dud) (112a)
where

r=Nu) =ui—c,ui—cus+c cul. (112b)

The transformation law of the partial derivation operators 3/9u, (a« =0, 1,2, 3) under

#R is given by a property (property 15) which turns out to be the analogue of property
10.

Property 15. We have

9
X 3_14—0
9
9x, 1 ‘9_141
5 =§‘r'nA(u)8.ﬂ7 s (113a)
1, K}
2r U,

where % is the metric n =diag(1, —c,, —¢,, ¢,¢;) and X a vector field

X = ¢ cau 9 d + 9 d 1135
= —— Uy T+ Uy —— — U, .
2 38140 Oau3 © T ou, 1au: ( )

The action of the 1-form w on the vector field (1/2r) X is given by a property analogous
to property 11.
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At this point, we encounter a difference between the four-dimensional and the
two-dimensional cases. Indeed, the following property, which concerns the transforma-
tion law of second-order differential operators under %%’, should be compared with

property 12.

Property 16. We have

8 9 ¥ 1. 1
— - 5= —=—Y.nV, -0 6X’ 114a
ox3 “ ax3 © ax2 ar 7 42" ( )

where V,, is defined by

6u=<—a—-‘3—ii). (114b)

OUg 0Uy JU; OUs

When ¢; =c¢,=—1, (114a) may be particularised as
1

X (115a)

1
A, =—A, -
4r
where A, and A, are the three-dimensional and four-dimensional Laplacians in the
variables x; (i=0,1,2) and u, (@ =0, 1,2, 3) respectively. Further, the operator
d d d d

=uU;——Up—tu —-—u

— 115b
? dug du, ous : ou, ( )

happens to be the infinitesimal generator of a group of type SO(2). This may be easily
seen with the following parametrisation:

o8 -
u0=ﬁcos¢2wcosi u1=\/7cos¢2dlsin§
o o (116)
- +
u2=x/75in¢2d’sin§ u; =+'rsin 2¢cosi

which leads to X =-24/3¢. (Note that the latter choice of coordinates gives x,=
rcos 6, x, =rsin 6 cos ¢ and x,=rsin 8 sin ¢, cf [8] and [48].) We close the four-
dimensional compact case ¢, = ¢c; = —1 with three remarks. First, (115a) was obtained
by Kibler and Négadi [48]. Second, the four- and three-dimensional volume elements
are connected through du(R*)=(4N(u)?/m)du(R*); such a connecting formula
appears to be of considerable importance for physical applications of the R*->R>
Hurwitz transformation as we shall show in a forthcoming paper. Third, it was
mentioned by Vivarelli [49] that the constraint @ = 0 is related to the Souriau quantisa-
tion of the symplectic manifold S°.
When ¢, =c,=1, (114a) yields (for r=ug—ui—ui+u3#0)

¥ 8 ¥ 1[(a & & & 1
ot Reen R B heee e b ] b 2. 6 (117a)
dxp 0x7 dx3 4r\dus duy duy ous 4r
where
4y =2 v, 2 9 (117b)
= - - - U, —Uuy T
3au0 Oaug T ou, 1auz
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is the infinitesimal generator of a group of type SO(2). The latter point may be seen
with the parametrisation
Uy =+'rcos (¢ +y) coshis X =~28/0¢
u, =rsini(¢ — ) sinh 18 Xo=r cosh @

= ) : 118
U, =r cos (¢ — ) sinh 38 X, = rsinh 6 sin ¢ (118)
U, =rsin (@ + ) cosh 16 X, = r sinh 6 cos ¢.
When ¢, =F1 and ¢, = =1, (114a) leads to (for r=ud=u; ¥ u3—u3j#0)
2 F_ 1(d F_da P\ 1
__7:*:-—-;:;—5:*(—51——,?:-5‘_2)‘)" 7X2x (1190)
dxy o0xy ax5 4r\duy ou, duy duz/ 4r
where

3 0 0 d
Xi=—uy——ug—xu—=xu (119b)

dug ous du, du,

is the infinitesimal generator of a group of type SO(1, 1). This can be seen from the
parametrisations
us=v'rcoshi(¢ — ) cos 16 X.=203/0u
u,=+rcoshi(é+y)sinio Xo="rcos

120
u, =+/rsinh 3(¢ + ¢) sin 16 x,=rsin 6 cosh ¢ (120)
us;=+rsinh 3(é — ) cos 30 X,=rsin 0 sinh ¢
and
uy=+'rcoshi(ep+ ) cos i X_=-23/3¢
= V7 sinh 4(y — &) sin 46 = rcos 6
u, rsinhs(¢— ¢ ) sins Xo=r COS (121)

u,=+v'r cosh (¢ — ¢) sin 16 X, =rsin 0 sinh ¢
u;=+'r sinh 3(¢ + ¢) cos 16 X, =rsin @ cosh &.

6.3. The eight-dimensional case

We choose the Hurwitz transformation x = % ’(u) discussed in § 3 by means of the
8 x 8 matrix A(u) of (49) and we list the five following properties.

Property 17. We have

dx, du,
w, du,
w, du,
:;4 =2A(u)e, j:j (122)
dxs dus
dx, dug
dx, du,

where the 1-forms w,, w, and w;, which are not total differentials, are
wy =2(u, dug—uo du; + cu, dus — csus dus + cyus du,

= C3uUy dus+ cyc3u- dug ~ coc3ug dus)
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wy=2(us dug— g dus+ cyu; duy — cyuy dus + cyu, duy

— caity dug+ ¢y catds dus — ¢ c3u7 dus) (123)
w3 =2(us dug— uy dus + us duy — uy dus+ c3uy duy — c3us dus + csus dug — cyug dus).
In view of the fact that the transformation x = ¥&’(u) described by x = A(u)e,u is an
R®> R’ or R xR* surjection, we may assume that v, = w, = w; =0.
Property 18. The constraints w, = w, = w; =0 make it possible to obtain
dx2—c,dx3+ ¢ ey dxi+ eacy dxg— ¢ 050 dx3

=4r(dui—c, du’—c, dud+cic; dui—cy duj
+¢,¢3 dut+ eyes dui — ¢ cacy du3) (124)

where r= N(u)? is given by (5).

Property 19. We have

_ﬁ_
0Xq dUy
1y k)
2r du,
1y k]
2r ou,
1 a3
2% 1 duy
5 =5;77A(U)8m (125)
64 au
K3 2
axs |- OUs
£ 3
0Xg Sl
0 o
‘ 5_X; Uy

where the metric 7 is defined by (2) and (7), and the vector fields X,, X, and X, are

e, a3 d 9 d d 3 0
X ==CUy == Uy —C Uy —— ~ Uy ——F CUs ——Ft Uy~ — C Uy —— — Ug —
auo au] du, 6u3 U, dus dug du,
3 d ] d 2] d 3 0
Xo=—CUy— —Ug—+ Uy —+ U, —+ gt Uy —+ CoUs — + Us — (126)
dug, du, u, dus JUy dUg dus du,
J d 0 e} [¢] é [°) [’]
X3=C1CUy—— = Uy T — Cols ™t C Uy —— — C1CaUy — F Uy —— — CoUg— F+ C s —.
duy du, du, du, duy du, dus dug

It is easy to check the commutation relations
(X, Xo]=2X; [X2, X5]=-2c.X, [X5, Xi]=-2¢X,. (127)

Therefore, the set {X,, X, X;} generates the Lie algebra of SO(3) or SO(1, 2) according
to whether (c;, ¢;) =(—1, =1) or (¢;, ¢2) # (=1, —1).
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Property 20. The action of the 1-form w; on the vector field (1/2r)X, is given by

wj(%xk>=6(j,k) (jk=1,2,3). (128)

Property 21. Elliptic and hyperbolic operators are connected for r # 0 through

& ci + & 5+ ¢x¢ & - C;C5C cl
—=—C; 3T C c 2 5
ox2  oxi ! Yoxl 2 3ax6 19253 552
| 1 2, 1 1
4 VHTIV +4 2C|X1 4r 2C2X7 r CIC2X3 (129)

where V, is defined as in the two- and four-dimensional cases. Equation (129) may
be worked out for the various possible choices of the triplets (¢,, ¢;, ¢3). Let us just
mention that in the compact case ¢, = ¢, = ¢ = —1, (129) becomes
1 | A

Ax=;Au X1 P ZXZ—FXS (130)
where A, and A, are the five-dimensional and the eight-dimensional Laplacians in the
variables x; (i=0,4,5,6,7)and u, (a=0,1,...,7), respectively. The seven remaining
(non-compact) cases are left to the reader as an exercise.

We close this section with the following remark. In the situation where r=1, the
Hurwitz transformations considered in this section lead, according to § 5, to Hopf and
pseudoHopf fibrations. Then, the operators of type X, which occur in (108), (114)
and (129), define vector fields tangential to the fibre of the above mentioned fibre
bundles.

Work is currently in progress by one of the authors (DL) on the use of differential
properties of non-compact Hurwitz transformations and of the corresponding
pseudoHopf fibrations for solving field equations of several non-linear sigma models
on curved non-compact spaces.

7. Concluding remarks and applications

The aim of this section is threefold. First, we sum in § 7.1 the main mathematical
results of this work. Second, in § 7.2, we deal with some physical applications of the
formalism developed in the present paper. We limit ourselves in § 7.2 to enunciating
results since applications will be the object of separate publications. Third, we examine
in §7.3, on the basis of preliminary results already obtained, some other possible
applications of our formalism.

7.1. The main results

(a) We have generalised three R*™ -»R>™ " quadratic transformations useful in theo-
retical physics, namely, the Levi-Civita transformation [1], the Kustaanheimo-Stiefel
transformation [6, 7] and a transformation recently introduced by Iwai [42]. This has
led us to compact and non-compact (i) R*™ - R*™ quasiHurwitz transformations, with
2m arbitrary, which comprise the (compact) Lc transformation for 2m =2 and (ii)
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R*™ > R*"™" Hurwitz transformations, with (2m,2m—n)=(2,1), (4,3) and (8, 3),
which comprise the (compact) ks transformation and the (non-compact) Iwai transfor-
mation for (2m,2m —n)=(4,3). All these transformations have been obtained in a
unified algebraic framework based on the use of Cayley-Dickson and Clifford algebras.

(b) We have investigated the quasiHurwitz and Hurwitz transformations from a
geometrical viewpoint. Among the most important results is the demonstration that
the compact Hurwitz transformations are related to some of the famous Hopf fibrations
on spheres and the non-compact Hurwitz transformations to new fibrations, i.e. fibra-
tions on hyperboloids. More specifically, the R*™ > R>™"" Hurwitz transformations
may be geometrically classified as follows. (i) For (2m,2m —n)=(8, 5), we have three
types of Hurwitz transformations: two types with a compact fibre S* and one type with
a non-compact fibre R*x S'. (ii) For (2m, 2m —n) = (4, 3), similar results apply. We
obtain two types of Hurwitz transformations with a compact fibre S' and one type of
Hurwitz transformations with a non-compact fibre R. (iii) For the limiting case
(2m,2m—n)=(2, 1), there are only two distinct Hurwitz transformations: one with a
compact fibre S' and another with a non-compact fibre R.

(¢) We have studied the transformation properties of various quantities (as line
elements, gradient operators and Laplacians or d’Alembertians) under quasiHurwitz
and Hurwitz transformations. Such a study constitutes an indispensable preliminary
for passing to physical applications. In particular, a detailed examination of the
contents of § 6 yields the following result: the different R*™ - R*” " Hurwitz transfor-
mations connect generalised Laplace operators, in R*™ ™" and R*", invariant under Lie
groups (say G-, _, and G.,, respectively) of type orthogonal or pseudo-orthogonal.
For instance, the possible couples [G,,, ., G2, ] are for the non-trivial cases 2m =4
and 8: (i) [O(5), O(8)], [O(1,4),0(4,4)] and [0O(3, 2), 0(4,4)] when 2m,2m—n)=
(8,5) and (ii) [O(3), O(4)], [0O(1,2),0(2,2)] and [0O(2,1),0(2,2)] when (2m,2m —
n)=(4,3). The latter result dictates the general philosophy for applying Hurwitz
transformations to classical or quantum theory. More precisely, a given R*™ > R>™""
Hurwitz transformation allows us to convert a problem involving a symmetry group
G.,,._, (and possibly an invariance group G3,,_,) into a problem in higher dimension
and involving a symmetry group G,,, (and possibly an invariance group G5,,).

(d) As aby-product of our algebraic approach to non-bijective quadratic transfor-
mations, we have obtained a non-compact extension of the Hurwitz theorem [40] on
the product of two sums each containing 2m =2, 4 or 8 squared integers. The central
result is that the non-compact extension can be performed only if the considered sums
involve metrics of the type (++++————) for 2m =8, (++——) for 2m=4 and (+-)
for 2m =2.

7.2. Applications

We show here the interest in our algebraic and geometric formalism for (i) the search
for spectrum generating algebras and dynamical invariance algebras for simple quantum
mechanical systems and (ii) non-linear sigma models on curved spaces. We only show

the main results because a complete treatment can be found in separate publications
[52-54].

7.2.1. Invariance and non-invariance algebras. We begin with an example. The dynami-
cal invariance algebra for the bound states of the hydrogen atom and the spectrum
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generating algebra for the whole spectrum of the hydrogen atom are known to be so(4)
(see[55]) and so(4, 2) (see [56]), respectively. Both algebras (or the associated covering
Lie groups) are obtained, in the standard treatments, by raising the number of degrees
of freedom. We thus pass from the symmetry group SO(3) to the dynamical invariance
group SO(4) and from SO(4) to the spectrum generating group SO(4,2). In the
framework of our formalism, the corresponding Lie algebras may be obtained very
quickly by a restriction process as follows. The Hurwitz transformation He with
¢, =c.=c;—1=—1 allow the transformation of the Schrodinger equation for the
hydrogen atom in R’ into the Schrédinger equation for an isotropic harmonic oscillator
in R* subjected to a constraint. First, let us consider the case of the discrete levels for
the hydrogen atom. Then the oscillator is an ordinary one (i.e. with attractive potential),
the dynamical invariance algebra of which is su(4). By introducing in su(4) the
constraint X =0, cf (114) with ¢, = ¢; = —1, we end up with a Lie algebra under constraint
which is isomorphic to so(4), the dynamical invariance algebra for the discrete spectrum
of the hydrogen atom. Second, if we introduce the vanishing vector field X =0 in
sp(8,R), the non-invariance algebra for a four-dimensional isotropic oscillator, we
obtain another Lie algebra under constraint which turns out to be isomorphic to
so(4, 2), the spectrum generating algebra for the three-dimensional hydrogen atom.

Lie algebras under constraint(s) may be obtained for each of the Hurwitz transfor-
mations associated to 2m =8, 4 and 2. It is sufficient to introduce X, =X,=X;=0
(see (125)) in sp(16,R) for 2m =8; X =0 (see (113a)) in sp(8,R) for 2m =4; and
X =0 (see (107a)) in sp(4,R) for 2m =2. The main results, to be proved at length
elsewhere [53], are the following (L, stands for a Lie algebra under constraint(s)). (i)
For (2m,2m—n)=(8,5), we obtain L,=s0(6,2) for all transformations with an §°
fibre and L, =so(4, 4) for all transformations with an R®>x S fibre. (ii) For (2m, 2m —
n)=(4,3), we obtain L,=s0(4,2) for all transformations with an S’ fibre and L, =
s0(3, 3) for all transformations with an R fibre. (iii) For (2m, 2m — n) = (2, 1), we obtain
L, =s0(2,1) for the transformation with an S' fibre and L, =so(2, 1) for the transforma-
tion with an R fibre. From a mathematical point of view, the remarkable result is that
there is a one-to-one correspondence between Lie algebras under constraint(s) and
types of fibre. Therefore, for a given doublet (2m, 2m — n), there are only two types
of Lie algebras under constraint(s) corresponding either to a compact fibre or a
non-compact fibre. The latter result may be rationalised, a posteriori, if we realise that
the fibrations of § 5 with compact (non-compact) fibres are associated with compact
(non-compact) constraint operators.

As an immediate consequence of result (ii), we may foresee that the spectrum
generating algebra of a hydrogen atom in R® is so(6, 2). Another immediate application
concérns the Hartmann potential V=—ga/r+b/(rsin 8)” with a>0 and b>0. This
potential has recently received a great deal of attention [52, 57] both in a Schrdodinger
partial differential equation picture and a Feynman path integral picture. The relevant
chain of Lie algebras for the Hartmann potential problem is clearly sp(8, R) > su(4) >
so(4) 2 50(2) xso(2) if use is made of the compact Hurwitz transformation for 2m = 4.
The dynamical invariance algebra for the three-dimensional Hartmann potential then
corresponds to the Lie algebra so(4) under the constraint X =0 with¢, =c,=¢c;—1=~1.
The resulting Lie algebra under constraint is simply su(2), a result fully discussed in [53].

7.2.2. Sigma models. Let M and N be two Riemannian manifolds. Then, a smooth
map f: M - N is said to be a solution of the sigma model defined on M, with values
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on N, if and only if it is a harmonic map [58] from M to N. We use f: M - N to
denote the fibrations of § 5.

As a first result, we can prove that each fibration f: M - N, of fibre F, is harmonic.
Therefore, f is a solution of the sigma model defined on M and with values on N.
For the compact cases, this result is not new. As a matter of fact, it is well known
that the classical Hopf fibrations define harmonic maps, a property recently reinter-
preted in the language of sigma models by Fujii (see [41]). For the non-compact cases,
our result happens to be new and gives explicit realisations of harmonic maps between
hyperboloids. For example, the fibrations H*(2, 2) > H*(1,2),and H'(4,4) > H*(1,4),
provide explicit solutions for the sigma models H'(K)~>KPS', where H'(K) is the
1-hyperboloid on K* with Ik =C or H and KPS’ is the hyperbolic space on K. (In the
terminology of Gilmore [59] we have more generally KPS" = U(n, 1; K}/ U(n; K) x
U(l; K).)

Let us now restrict our attention to the fibrations f: M > N for the cases 2m =4
and 8. In these cases, F is a Lie group and we call X, the ge’ﬁerator(s) of Fwithj=1
if 2m=4 and j=1, 2 and 3 if 2m =8. We thus have a second important result. If ®
is a solution of the sigma model defined on N and with values on a Riemannian
symmetric space G/H, then ¥ = ¢ o f is a solution of the sigma model defined on M
and with values on G/H. Furthermore, the solution ¥ is invariant under F so that
X, ¥ =0 for each j. Our second result can be shown as

M
f-l W=chef

Finally, it is to be mentioned that this second result leads to non-trivial analogues of
the passage formulae introduced in [17] and worked out further in [60].

7.3. Towards future investigations

7.3.1. PseudoHurwitz transformations. In the last analysis, the quasiHurwitz and Hur-
witz transformations may be regarded as special cases of transformations of the type
x = A(u)eu. They follow from specific choices for the matrix £ =diag(1, €,,..., 2, -1)
with ¢, =+1,1sa<2m—1. The transformations which are neither Hurwitz nor
quasiHurwitz transformations are called pseudoHurwitz transformations [61]). For
2m =2 and 4, the latter transformations do not lead to something new but, for 2m =8,
we have a preliminary result. In this case, the pseudoHurwitz transformations corre-
spond to R®*>R’ maps which provide explicit realisations for the Hopf fibration
§”>CP’ of compact fibre S' and its non-compact analogues, namely (up to homeo-
morphisms), R*x §° > R*x §° of compact fibre S' and R*x §* » R* x §° of non-compact
fibre R. We note that the last two fibrations are new and that the fibration §’ > CP?
is of central importance in twistor theory.

7.3.2. Canonical transformations. The quasiHurwitz and Hurwitz maps correspond to
transformations of a ‘distance’ in R*” " into (the square of) a ‘distance’ in R*™. A
question now arises. What is the parentage of the Hurwitz (and quasiHurwitz) transfor-
mations with canonical transformations? A partial answer appears in [31], especially
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for the ks transformation. We give here a property which might be a good starting
point for studying the link between Hurwitz transformations, canonical transformations
and homogeneous canonical transformations developed by Dirac (see [62]). For fixed
(2m, 2m — n), let us define the 2m —n components dg; by dx, and the 2m components
dQ, by du,. Similarly, let p,=3/8x, and P, =3/4u,. Then we can derive the property
that

quiplzzdoapa

where the sum over i extends on 2m — n values and the one over a on 2m values with
(2m,2m—n)=(8,5), (4,3) and (2, 1). We note that the latter relation corresponds to
a (bijective) canonical transformation in classical mechanics. We also note that the n
constraint conditions X, =0 correspond to primary first-class constraints in the sense
of Dirac [62].

7.3.3. Path integral methods. In recent years, path integral techniques have been
applied, in conjunction with the use of the compact Hurwitz transformation for 2m =4,
to various potentials (see, for instance, [18-23, 57]). When using such techniques,
care must be exercised in the treatment of the time variable (see the paper [18] by
Young and DeWitt-Morette). With a specific definition of the time variable, it should
be also possible to use [63], in the framework of path integral methods, the other
Hurwitz transformations introduced in this work.

7.3.4. Hyperspherical harmonics. It has been shown in [17] how the ks transformation
allows us to construct R* hyperspherical harmonics from R’ spherical harmonics.
Indeed, such a construction is a consequence of the connection between Laplace
operators associated to the chain O(3) < O(4) inherent to the compact Hurwitz transfor-
mation for 2m =4. Along the same line, the other Hurwitz transformations yield
connections between Laplace and/or d’Alembert operators which could be used to
find relations between certain generalised hyperbolic harmonics. These matters are
currently under study in relation to the Schwinger and Bargmann generating function
methods [64].

7.3.5. Other pseudoHopf fibrations. Finally, we would like to mention, as a possible
pending part of this work, the study of two pseudoHopf fibrations on hyperboloids
(one with a compact fibre and another one with a non-compact fibre) that parallelise
the Hopf fibration on spheres S'° - 8° of compact fibre S’.
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Appendix 1. Clifford matrices for the Cayley-Dickson algebras A(c,, ¢;, ¢3)

It is a simple matter of matrix calculation to obtain from (40) the seven matrices
I',,T,,...,I'; associated with the eight-dimensional Cayley-Dickson algebra
A(c,, 5, ¢;). These Clifford matrices can be written as:

[=E+cEntEyuto Byt Esgt o Egs— Erg— ¢ Eyy
Fa=E;teEy = Ezs— 2 Egs+ Es;t 0 E75+ Eos+ 2 Ege
Ii=E—cic;Eqy—¢ Byt e Ejp+ Esg— ¢y Egs + ¢ By — €2 E5¢
I'y=EstcyEsy— Eye— 3Eey— E37— ¢3E73— Eqg = ¢3Egy
Is=Es—cic3Eey—ciExst c3Esy— Esgtcic3Eg3— 1 Eqrt 63 Eoy
Fe=E\;—cac3 Eqy+ Esg— €203 By = B35+ €3 Es3+ 2 Eug— €3 By
[;=Eist ¢ Egy+ ¢ Byt a6 Ern— € Eo— €13 Bz + €16 Eqs+ 63 Esg

where E,, stands for the matrix with the elements (E,).z = 6(a, a)8(b, ). Similarly,
the three Clifford matrices I';, I'; and T's for the four-dimensional algebra A(c,, ¢,) are

Ii=E+c,Esy+ Eyutce Egps
I'y=E;;+cEy—Esy—c,Ey
Ii=E . —ccsE4yy— ¢ Ess+ o E5s
and the (sole) Clifford matrix I'; for the two-dimensional algebra A(c,) is
F=E,+cqE;.

We now consider the three cases 2m =2, 4 and 8 in a global way. For fixed 2m
(=2, 4 or 8), the matrices I, of order 2m span a Clifford algebra of degree 2m —1.
Such an algebra is either €(0,2m—1) or ¥(m, m—1). Following Deepak et al [50]
we may associate to each of the latter two Clifford algebras a Dirac group of order
2°™ For fixed 2m, the corresponding Dirac groups have 2°”~'+2 conjugation classes.
In addition, these groups have 2! irreducible representations of dimension 1; and
two irreducible representations of dimension 27",

After completion of this work, we were made aware of a paper by Deming Li et
al [51] on a general method of generating and classifying Clifford algebras.

Appendix 2. Inverses of the Hurwitz transformations

In order to further understand the fibrations described in § 5 and to facilitate the use
of the Hurwitz transformations in physical applications, we list (without proof) in this
appendix the inverses of typical Hurwitz transformations in the two-, four- and
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eight-dimensional cases. The method employed for deriving these inverse transforma-
tions is an adaptation of the one developed by Kustaanheimo and Stiefel [7] in the
four-dimensional compact case (see also [27]).

Case 2m = 8. Let us consider the right Hurwitz transformation x = %y '(u), see (61).
We want to find from (61) the reciprocal image (uq, u,, Us, us, Us, Us, U, U;) in R®
of (xo, X4, X5, X¢, X;) in R®. Equation (61) leads to

Uy = (X4up— €, XsU) — C2Xglr + €, C2X5U3)/ (2p)
Us = (Xslg— X4y — C2X7Us + C2XeU3)/ (2p)

(A2.1)
U= (Xglo+ €, X7U, — XqUy =~ €, XsU3) /(2p)

Uz = (XqUg+ XeUy — Xsths— X4U3)/ (2p)

for p=uj—c,ui—c.u3+c,c,u3#0. The quantity p is formally given in terms of the
data x4, x4, X5, Xs and x; by 2p = x,£= N(x), where we assume that (x5, x4, X5, Xg, X5)
satisfies the condition

2 2 2 2 2
N(x)?=X{—€3X3+ C103X5+ C23X5 — €,C203x2 > 0.

In the compact case ¢, =c,=c;=~1, the reverse of x =%y ’(u) may be obtained
from (A2.1) with

C1=_1 C3=_1 2p=x0+(xg+xi+x§+x§,+x$)l’/2
uy=+'p cos ¢ cos y cos ¥ u, =+p cos ¢ cos y sin ¥
u, =+/p cos ¢ sin y u,=+psin ¢

where ¢, x and ¥ are real parameters exhibiting an S° fibre.
In the non-compact case ¢, =c,=—c;=—1, the reverse of x=Xy% (#) may be
obtained from (A2.1) with

2 2 2 2 2
C1=_1 C2=_1 2p:in(xO—X4_xS_x6_X7)l/2

xo>0 U =+p cos ¢ cos y cos ¥ u,=+p cos ¢ cos y sin ¥
u,=+/p cos ¢ sin u;=+/psin ¢

where &, x and ¥ are real parameters exhibiting an S° fibre.
In the non-compact case ¢, = ¢, = ¢; = 1, the reverse of x = % '(u) may be obtained
from (A2.1) with

¢ =1 =1 2p=xot (x3—x3+xI+xI-x%)/?
and
Uo=+'p cos ¢ cosh x u;=+p cos ¥ sinh y ,
u,=+p sin ¥ sinh y u3=~/Esind>COth} ifp>0
or
uy=+—p cos ¥ sinh y u,=+v—=p cos ¢ cosh

. if p<
u,=+—psin ¢ cosh y u3=x/--psin\Ifsinh,\/} ifp<0
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where ¢, x and ¥ are real parameters exhibiting an R x S' fibre. The five remaining
choices for ¢, (i =1, 2 and 3) yield results similar to the ones for the non-compact case
CL=C= C3 = 1.

Case 2m = 4. We choose the right Hurwitz transformation x = K (u), see (64). Let
us look, from (64), for the reciprocal image (uo, u,, u>, u;) in R* of (x,, X,, x,) in R>.
Equation (64) leads to

Uy = (X1Up— €2X2u3)/(2p) Uy = (Xaup+ €%, U3)/ (2p) (A2.2)

for p = ug+ c,cou3* 0. The quantity p is formally given in terms of the data x,, x, and
x> by 2p = x,+ N(x), where we assume that (x,, x,, x,) satisfies the condition

N(x) =xg—c;x1 = c,x3>0.

In the compact case ¢; = ¢, = —1, the reverse of x =% '(u) may be obtained from
(A2.2) with

o =-1 cy=-1 2p = xo+ (xg+x7+x3)"?
uy=+p cos ¢ u;=+p sin ¢

where ¢ is a real parameter exhibiting an S’ fibre.
In the non-compact case ¢, =c,=1, the reverse of x =% (u) may be obtained
from (A2.2) with

e =1 =1 2p=xox(x5—xi—x3)"*
Xo>0 Uy =vp cos ¢ u,=+/psin ¢

where ¢ is a real parameter exhibiting an S’ fibre.
In the non-compact case ¢, = —c, = —1, the reverse of x = ¥} '(u) may be obtained
from (A2.2) with

¢ =-1 =1 2p=x0:t(x(2,+xf—x§)”:
and
uo=+p cosh ¢ u;=+p sinh ¢ if p>0
or
uy=+—p sinh ¢ u; =+ —p cosh ¢ if p<0
where ¢ is a real parameter exhibiting an R fibre. The non-compact case ¢, = —c, =1
is very similar to the case ¢; = —c,=—1.

Case 2m = 2. The sole possibility is x =395 "(u)=3{"(u)=%""(u), see (68). The
reciprocal image (uo, 4,) in R® of x, in R™ or R is readily obtained from (68). In the

compact case ¢, = —1, the reverse of x =39y '(u) is given by
Uy=+vX,COS @ U, =vXx,s8in ¢ for x,=0

where ¢ is a real parameter exhibiting an S' fibre. In the non-compact case ¢, = 1,
the reverse of x =9 '(u) is given by

Uo =Vx, cosh ¢ u, =vx,sinh ¢ for x,>0
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or
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Uy =+ —Xosinh ¢ U, =v—x,cosh ¢ for xo<0

where ¢ is a real parameter exhibiting an R fibre.

References
[11 Levi-Civita T 1973 Opere Matematiche 6 111
[2] Cisneros A and Mclntosh H V 1969 J. Marh. Phys. 10 277
[3] Edmonds A R and Pullen R A 1980 Preprint ICTP (79-80) 28 Imperial College, London, cited by
Reinhardt W P and Farrelly D 1982 J. Physique 43 C2 29
[4] Inomata A 1982 Phys. Lett. 87A 387
[5] Mardoyan L G, Pogosyan G S, Sissakian A N and Ter-Antonyan V M 1983 Preprint P2-83-475 JINR,

(6]
(7]

(8]

(9]
[10]
[11]
[12]
(13]
(14]
[15]
[16]
(17]

[18]
[19]

[20]

[21

—

(22]
(23]
(24]
[25]
[26
[27)
(28]
[29]
(30]
[31]
[32]
[33]

fanit)

[34]
[35]
[36]
[37]

Dubna

Kustaanheimo P 1964 Ann. Univ. Turkuens 73 1; 1964 Publ. no 102 of the Astronomical Observatory
Helsinki

Kustaanheimo P and Stiefel E 1965 J. Reine Angew. Math. 218 204

Stiefel E and Scheifele G 1968 C. R. Acad. Sci., Paris A 267 950; 1971 Linear and Regular Celestial
Mechanics (Berlin: Springer)

Ikeda M and Miyachi Y 1970 Math. Japon 15 127

Boiteux M 1972 C. R. Acad. Sci., Paris B 274 867; 1973 C. R. Acad. Sci., Paris B 276 1

Barut A O, Schneider C K E and Wilson R 1979 J. Math. Phys. 20 2244

Chen A C 1980 Phys. Rev. A 22 333, 2901 (E); 1982 Phys. Rev. A 25 2409; 1982 J. Math. Phys. 23 412

Iwai T 1982 J. Math. Phys. 23 1093

Kennedy J 1982 Proc. R. Irish Acad. A 82 1

Grinberg H, Marafién J and Vucetich H 1984 J. Math. Phys. 25 2648

Cornish F H J 1984 J. Phys. A: Math. Gen. 17 323

Chen A C and Kibler M 1985 Phyvs. Reuv. A 31 3960

Kibler M, Ronveaux A and Négadi T 1986 J. Math. Phys. 27 1541

Kibler M, Négadi T and Ronveaux A 1985 Polyndmes Orthogonaux et Applications ed C Brezinski, A
Draux, A P Magnus, P Maroni and A Ronveaux (Berlin: Springer) p 497

Duru I H and Kleinert H 1979 Phys. Lett. 84B 185, 1982 Fortschr. Phys. 30 401

Blanchard Ph and Sirugue M 1981 J. Math. Phys. 22 1372

Young A and DeWitt-Morette C 1986 Ann. Phys., NY 169 140

Ringwood G A and Devreese J T 1980 J. Math. Phys. 21 1390

Ho R and Inomata A 1982 Phys. Rev. Lett. 48 231

Inomata A 1984 Phys. Letr. 101A 253

Grinberg H, Marafién J and Vucetich H 1983 J. Chem. Phys. 78 839, 1983 Int. J. Quantum Chem. 23
379, 1983 Z. Phys. C 20 147

Pak N K and Sokmen I 1984 Phys. Lett. 100A 327

Steiner F 1984 Phys. Letr. 106A 363

Gracia-Bondia J M 1984 Phys. Rev. A 30 691

Kibler M and Négadi T 1984 Lerr. Nuovo Cimento 39 319

Cerdeira H A 1985 J. Phys. A: Math. Gen. 18 2719

Kibler M and Négadi T 1984 Int. J. Quantum Chem. 26 405, 1984 Croatica Chem. Acta 57 1509

Ringwood G A 1983 J. Phys. A: Math. Gen. 16 L235

Cerveré J M and Mateos J 1983 Phys. Reuv. Lert. 50 1889

D’Hoker E and Vinet L 1985 Nucl. Phys. B 260 79

Boiteux M 1973 Physica 65 381; 1974 Physica 75 603; 1982 J. Math. Phys. 23 1311

Polubarinov [ V 1984 Preprint E2-84-607 JINR, Dubna

Lambert D, Kibler M and Ronveaux A 1986 Proc. 14th Int. Coll. Group Theoretical Methods in Physics
ed Y M Cho (Singapore: World Scientific) p 304

Dickson L E 1919 Ann. Marh. 20 155

Wene G P 1984 J. Math. Phys. 25 414, 2351

Moftat J W 1984 J. Math. Phys. 25 347, 1984 Found. Phys. 14 1217

Jantzen R T 1982 J. Math. Phys. 23 1741



[38]
[39]

[40]

[41]
[42]

[43]
[44]
[45]
{46]
{47]
[48]

[49]
[50]
[51]
[52]
{53]
[54)
(55]

[56

[

[57]

(58]

[59]
(60]

[61]
(62]

[63]
[64]

Non-bijective quadratic transformations 343

Laurentiev M and Chabat B 1980 Effers Hvdrodynamiques et Modéles Mathématiques {Moscow: Mir)

llamed Y and Salingaros N 1981 J. Math. Phys. 22 2091

Salingaros N 1981 J. Math. Phys. 22 2096

Hurwitz A 1898 Nachrichten der k. Gesellschaft der Wissenschaften zu Géttingen (Gottingen: Gottingen
University) p 309; 1923 Math. Ann. 88 1; 1923 Math. Werke 41 565

Fujii K 1985 Lett. Math. Phys. 10 49

Iwai T 1985 J. Math. Phys. 26 885

iwai T and Rew S-G 1985 Phys. Lert. 112A 6

Vivarelli M D 1983 Celes. Mech. 29 45

Jacobson N 1974 Basic Algebra I (San Francisco: Freeman)

Salingaros N 1981 J. Math. Phys. 22 226

Postnikov M 1982 Legons de Géométrie: Groupes et Algebres de Lie {Moscow: Mir) p 25¢

Kibler M and Négadi T 1984 unpublished results

Kibler M and Négadi T 1983 Lert. Nuovo Cimento 37 225; 1983 J. Phys. A: Math. Gen. 16 4265; 1984
Phys. Rev. A 29 2891

Vivarelli M D 1984 Meccanica 19 11; 1985 Celes. Mech. 36 349

Deepak A, Dulock V, Thomas B S and Mclntosh H V 1964 Preprint 58 University of Florida

Deming Li, Poole C P Jr and Farach H A 1986 J. Math. Phys. 27 1173

Kibler M and Winternitz P 1987 J. Phys. A: Math. Gen. 20 4097

Kibler M and Winternitz P 1987 J. Phys. A: Math. Gen. submitted

Lambert D 1987 PhD thesis Université Catholique de Louvain in preparation

Pauli W Jr 1926 Z. Phys. 36 336

Hulthén L 1933 Z Phys. 86 21

Fock V A 1935 Z. Phys. 98 145

Bargmann V 1936 Z. Phys. 99 576

Malkin 1 A and Man'ko V I 1965 Zh. Eksp. Teor. Fiz. Pis. Red. 2 230 (Engl. Transl. 1965 JETP Let.
2 146)

Barut A O and Kleinert H 1967 Phys. Rev. 156 1541

Carpio M V and Inomata A 1986 Path Integrals from meV to MeV ed M C Gutzwiller, A Inomata, J
R Klauder and L Streit (Singapore: World Scientific)

Sokmen I 1986 Phys. Lett. 115A 249

Gerry C C 1986 Phys. Letr. 118A 445

Eells J and Lemaire L 1978 Bull. Lond. Math. Soc. 10 1

Lemaire L 1978 J. Diff. Geom. 13 51

Gilmore R 1974 Lie Groups, Lie Algebras, and Some of Their Applications (New York: Wiley)

Mardoyan L G, Pogosyan G S, Sissakian A N and Ter-Antonyan V M 1986 Preprint P2-86-431 JINR,
Dubna

Lambert D and Kibler M 1987 Proc. 15th Int. Coll. Group Theoretical Methods in Physics ed R Gilmore
(Singapore: World Scientific)

Dirac P A M 1964 Lectures on Quantum Mechanics (New York: Belfer Graduate School of Science,
Yeshiva University)

DeWitt-Morette C 1986 private communication

Hage Hassan M, Négadi T and Kibler M 1987 work in progress



